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An efficient strategy for solving Euler’s gas dynamics equations for mixtures of thermally
perfect gases with non-equilibrium reaction chemistry using high-resolution flux-difference
splitting schemes available in the CLAWPACK suite is described. A hybrid Roe–HLLE
solver with higher order MUSCL reconstruction is selected as this scheme steers clear of
unphysical values due to linearization. One-, two- and three-dimensional detonation simulations for the hydrogen-oxygen reaction mechanism in Cartesian geometry was performed
and the strategy for non-equilibrium reaction terms was outlined. A parallelization algorithm for the Berger–Collella scheme based on DAGH framework was developed and
implemented. The resolutions attained exceeds previous results, providing new insights in
detonation wave propagation.
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Pre-exponential factor for Arrhenius law
Specific total energy
Activation energy
Flux function
Numerical fluxes
Forward and backward rates of reaction
Variable displacement vector
Number of species
Pressure of mixture
Universal gas constant
Molecular weight of mixture
Species index
Reaction index
Time step index

I.

Introduction

Detonations, though destructive in nature, has been studied with considerable interest due to its potential
in certain applications, primarily in propulsion.1 Detonations use a reacting flow mechanism wherein a
strong shock wave, coupled with a chemical reacting zone, propagates at supersonic speed. The reaction
zone helps in the sustenance and propagation of the wave front. Associated phenomena arising due to
the complex interaction between hydrodynamic flow and chemical reaction kinetics have been the topic of
intensive ongoing research in the last decade. In particular, there is no theory which can satisfactorily
explain the internal flow structure of a detonation wave. The classical Chapman–Jouguet theory serves
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as a good approximation of the wave front speed, whereas the Zel’dovich–von Neumann–Döring theory is
accepted for modeling the one-dimensional detonation structure.2 Later, experiments by Strehlow3 exposed
the shortcomings of the theories on the justification of reducing complex detonation phenomena to one spatial
dimension. It is now understood that detonation waves are comprised of non-stationary sub-structures which
feed an undulating front. Numerical simulation can ease the difficulties associated with experimental analysis
of transient, non-planar, non-stationary structures in detonation waves. Advances in high-performance
computing has made it possible to perform direct simulations of detonations to provide a detailed insight
into the hydrodynamic–chemical kinetic mechanisms, thus enhancing our understanding of the physics of
detonations.
I.A.

Detonation Wave Composition

The structure of a detonation wave comprises of a strong
discontinuity followed by a region of intense chemical reactions. The leading shock causes a compression of the
combustible mixture, which raises its temperature to ignition. The ensuing rapid chemical reaction results in an energy release that propagates the shock wave. If the shock
and the reaction zone propagates at an identical wave
speed, it is equal to the Chapman–Jouguet (CJ) velocity.
According to one-dimensional CJ theory, the shock and
reaction zone would be in perfect thermal and hydrodynamic balance. But in multi-dimensional cases, inherent
instabilities can serve to invalidate this planar structure
resulting in complex flow patterns.3 In the vicinity of
these points, the chemical reaction is intensified, leading
to local energy release. Experimental evidence of such
local structures can be revealed by the cellular imprints
in soot foil visualization, as well as in schlieren and PLIF
visualizations.4
I.B.
tion

Numerical Approach to Detonation Simula-

The time-dependent conservation equations for an inviscid, reacting gas flow are the multi-component, hyperbolic
Euler equations with chemically reacting source terms.
The finite volume approach is preferred as it retains the
conservative property. But the reactions introduce different scales in the Euler equations which, if ignored, lead
Figure 1.
Schlieren and PLIF behind detonation
to numerical stiffness. This stiffness would require grids fronts in H2 : O2 : Ar mixture diluted with 85% argon
87% argon (shot 1434),
of high resolution to accurately represent the influence of (shots 1432 and 1433) and
initial pressure 20 kPa.4 (a) Overlay of PLIF and
the source term. In particular, the shock front in the det- schlieren (b) schlieren (c) PLIF.
onation wave is extremely sensitive to the reaction zone.
The Riemann problem at the detonation front is changed
remarkably should the grids fail to resolve the reaction
detail accurately, leading to incorrect detonation speeds.5 For discretizing control volumes of several meters,
such problems may appear insurmountable for existing computational resources. An approach for overcoming
these problems is to employ dynamically adaptive mesh refinements.
This paper describes an efficient solution strategy for the Euler equations with reaction source terms
for thermally perfect gases that addresses the stiffness problem with dynamic grid adaptation. Reliable
high-resolution shock-capturing schemes using CLAWPACK6 are applied to reduce the grid cells to a minimum. A hybrid Roe–HLLE solver with MUSCL reconstruction has been very effective for multi-dimensional
simulations. A Runge–Kutta time operator splitting technique is applied with local time-step adjustment
to account for temporal stiffness.7 This approach enables the homogenized Euler equations to be solved
separately and introduces the source terms as stiff ordinary differential equations. Taking numerical er-
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rors into consideration, standard uniform meshing would result in the requirement of 109 grid cells for
a three-dimensional control volume. This makes standard meshing exercises far too prohibitive in terms
of computation time which necessitates the need for multi-dimensional simulations to use dynamic mesh
adaptation.8 The Berger–Collela block-structured adaptive mesh refinement9 is employed in the construction of non-uniform girds for the required high grid resolutions, by utilizing a hierarchy of spatially refined
subgrids recursively integrated with reducing time-steps. This mesh refinement technique is customized
for finite volume schemes and requires rectangular data structures. Distributed Adaptive Grid Hierarchy
(DAGH) provides the parallel framework for solving the partial differential equations using adaptive mesh
refinement.10

II.

Governing Equations

The set of time-dependent, coupled, partial differential equations for gas-phase reactive flows governing
the conservation of mass and species density, momentum and energy are enunciated in this section. The
thermal equation of state is required for closure of the problem.
II.A.

Time-Dependent Conservation Equations

The governing equations for inviscid, reacting, thermally perfect gases are the inviscid Euler equations with
reactive source terms.11 The equations may be written as
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In the above equations, i = 1, . . . , Ns ; Ns denotes the number of species assumed to be ideal gases in thermal
equilibrium, ρi being the density of species i, {u, v, w} being the velocities in {x, y, z} space and E being
the specific total energy. The hydrostatic pressure p is given by the sum of partial pressures, pi = RT ρi /Wi
where R is the universal gas constant and Wi the molecular weight respectively. This equation is known as
the thermal equation of state, the evaluation of which necessitates the previous calculation of the temperature
T . This is accomplished using an approximate solution of an implicit equation by Newton–Raphson iteration
as each evaluation of T depends on the species material properties.
II.B.

Source Term Evaluation

The overall reaction for a stoichiometric hydrogen–oxygen mixture with water as the product due to the
combustion process is given by
2H2 +O2 → 2H2 O
(2)
The elementary reaction mechanism for hydrogen-oxygen mixture is obtained from Chemkin12 which uses
the GRI-Mech database and consists of eight species
[H, O, H2 , O2 , OH, HO2 , H2 O, H2 O2 ]
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and twenty-seven reactions. The chemical production rate for each species is derived from a reaction mechanism of J chemical reactions as
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where i = 1, . . . , Ns is the number of species, with νji
and νji
denoting the forward and reverse stoichiometric
th
th
coefficients of the i species in the j reaction. The forward and reverse reaction rates of each chemical
reaction is given by kjf and kjr , respectively. The reaction rates are calculated by Arrhenius law which is



f
kjf (T ) = Afj T βj exp −Ejf /RT

(4)

The reverse reaction rates can be calculated by assuming the corresponding chemical reaction to be in
chemical equilibrium even though detonation simulations require mechanisms that utilize non-equilibrium
reaction rates for some of the reactions.
II.C.

Boundary Conditions

Appropriate boundary conditions are required to solve the governing system of equations on bounded domains. Usually, four kinds of boundary conditions exist: inflow, outflow, symmetry and wall. Dirichlet
boundary conditions are enforced for inflows and Neumann boundary conditions for outflow. For symmetry
boundary conditions, the velocity vector component normal to the boundary which is the plane of symmetry
is required to be zero. Finally, wall conditions are adiabatic and reflective.

III.

Numerical Modeling

The numerical solution of the reactive Euler equations on Cartesian grids is described in this section
using finite volume approach. Fedkiw13 and Dieterding5 used operator splitting techniques effectively to
simulate transient detonation waves. A hybrid Roe–HLLE scheme has been used for all the solutions, due
to the tendency of the Roe scheme to induce oscillations at the vicinity of shocks. The Harten–Lax–van
Leer14 with Einfeldt extension15 shares the nice property of the Roe solver that, for the data connected by a
single shock wave, the approximate solution agrees with the true solution.16 To provide a higher resolution
of discontinuities and eliminate oscillations, MUSCL scheme with van Leer limiter has been employed.
III.A.

Finite Volume Scheme Using Operator Splitting

Numerical decoupling of the transport and chemical terms is carried out using the splitting method introduced
by Fedkiw.13 The governing equation can be split into the partial differential equation
d
P
∆t
∂q
∂ f (q) = 0, Ql ⇒
+
Q̃l+1
∂t n=1 ∂xn n

(5)

and the ordinary differential equation
∆t
∂q
= s (q) , Q̃l+1 ⇒ Ql+1
∂t

(6)

and are integrated successively with data Q from the preceding step as the initial condition. Now, in every
grid cell, the homogeneous Euler equations can be independently integrated with a time-explicit solver, and
the stiff ODE with a time-implicit solver. The finite volume scheme for the governing equation is written as
l
Q̃l+1
ijk = Qijk −
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A Courant–Friedrichs–Levy stability condition has to be imposed on finite volume schemes, namely,


∆t
∆t
∆t
CFL → max (|u1,ijk | + cijk )
, (|u2,ijk | + cijk )
, (|u3,ijk | + cijk )
≤1
ijk
∆x1
∆x2
∆x3
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(7)

(8)

Using operator splitting on the finite volume equation, a simple approximate Riemann solver can be based
on estimating the smallest and largest wave speeds arising in the Riemann solution, thus ensuring Q̃ (x/t)
to consist of only two waves propagating at speeds s1i−1/2 and s2i−1/2 .16 Harten et al.14 with Einfeldt
modification15 in the context of gas dynamics suggested wave-speed choices that can be generalized to



s1i−1/2 = min min λpi−1 , λ̃pi−1/2
p 


(9)
s2i−1/2 = max max λpi , λ̃pi−1/2
p

where λpj is the pth eigenvalue of the Jacobian f 0 (Qj ) and λ̃pi−1/2 is the pth eigenvalue of the Roe average.
Though the original HLL method had wave speeds chosen from lower and upper bounds on all the characteristic speeds, the Einfeldt modification gives sharper results for shock waves since the shock speed is smaller
than the characteristic speed behind the shock. Thus, the HLLE method shares a nice property of the Roe
solver while not requiring the use of an entropy fix.17 The resolution of the hybrid solver is increased using
the MUSCL extrapolation technique for nonlinear conservation laws proposed by van Leer.18 This technique
recursively creates linearly extrapolated values at cell boundaries by half a time-step before being used in
the flux approximation. Overall, second order accuracy is achieved in time and space.
A software package CLAWPACK (Conservation LAWS PACKage) designed to compute numerical
solutions to hyperbolic partial differential equations using a wave propagation approach16 has been employed
for this purpose. The methods used are finite volume on uniform rectangular grids in one-dimensional
Cartesian coordinates given by
Qn+1
= Qni −
i


∆t  n
Fi+1/2 − Fni−1/2
∆x

(10)

The value of Qn+1
is an approximation to the cell average of q (x, tn ) over the i cell and F is the numerical
i
flux function. The high resolution, flux-limiter methods used are based on solving one-dimensional Riemann
problems at every cell interface.
Godunov’s method can be extended to high-resolution methods by taking the modified form of Eq. (10)
as
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where A± Qni∓1/2 are the fluctuations corresponding to Godunov’s method and the flux F̃i+1/2
is the high
resolution correction. By this approach, it becomes easier to extend the scheme to second or higher orders.
CLAWPACK has the built-in functionality to select the required scheme for the problem to be solved.

III.B.

Source Term Solution

The linking of the chemical kinetics model into the finite volume model requires numerical integration of an
stiff ordinary differential equation (ODE). The rate equation has to be integrated first before the evaluation
of the reaction rates. The integration of reactive source terms requires the solution of the ODE
∂ρi
= Wi ω̇i (ρ1 , . . . , ρk , T ) ,
∂t

i = 1, . . . , K

(12)

The total density ρ, specific energy E and the velocities un in a cell remains unchanged during the integration,
meaning that the chemical reaction is adiabatic. Detailed chemical kinetics comprise of stiff ODE’s so
requiring the use of an appropriate ODE solver available in CLAWPACK. In this case, a semi-implicit,
two-stage Runge–Kutta method that combines one step of the trapezoidal method over time ∆t/2 with
a step of the second-order backward-differentiation method, using the intermediate result as another time
level, is preferred. The backward differentiation formula is a family of implicit methods for the numerical
integration of ordinary differential equations. They are linear multistep methods that, for a given function
and time, approximate the derivative of that function using information from already computed times,
thereby increasing the accuracy of the approximation.
The chemical reaction rates and thermodynamic constants are evaluated based on the Chemkin-II library.12 The Jacobian of the rate function ω̇i (ρ1 , . . . , ρk , T ), required by the ODE solver, is approximated
using standard difference quotients.
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IV.

Adaptive Mesh Refinement (AMR) Framework

The accurate simulation of detonation waves requires computational meshes which can correctly represent local flow
changes occurring due to reactions. More precisely, the region
between the shock and the head of the chemical reaction zone
requires high resolution as the shock is sensitive to the changes
in the reaction zone. This section describes the block structured dynamic mesh refinement strategy developed by Berger
and Collela9 which has been modified for time-explicit finite
volume schemes for hyperbolic conservation laws in CLAWPACK. This approach to mesh refinement uses a collection of
logically rectangular meshes making up the base grid, with refinements covering a subset of the domain. The unique feature
of the Berger-Oliger scheme is that the refinement of grid cells
is patchwise, i.e., involving a groups of cells rather than individual cells. Also, the same integrator can be used for coarse
or fine grids, thus eliminating much of the workload involved
in adaptive calculations. The strategy explained in this section
is two-dimensional and can be extended seamlessly to lower or
higher dimensions. The algorithm is organized specifically to
minimize memory and processor overhead. Figure 2 illustrates
the mesh refinement strategy with different levels of refinement
in different colors.
The adaptation routine in itself is relatively simple: the refined grids overlay the coarser subgrids from which they had
been spawned. The numerical solution on a particular level
is first of all advanced independently, and the values of refined subgrid cells are overwritten on the coarse grids. This
method now advances a general data tree rather than a single
cell. When coarse cell values are replaced by averaged fine grid
values, the vital conservative property of finite volume schemes
is lost. Thus to ensure conservation, a flux correction on the
coarse grid cells based on the flux values of fine grid cells is
required.
Defining a sequence of levels l = 1, . . . , lmax , the grids can
be refined spatially and temporally by a mesh refinement ratio
r, where r = ∆xl−1 /∆xl . This implies that
∆tl−1
∆t1
∆tl
=
= ··· =
∆xl
∆xl−1
∆x1

(13)

which means that there are more time steps on the finer grids
than on the coarser grids. A time-explicit finite volume scheme Figure 2. Block-structured AMR hierarchy of
is expected to be stable if imposed by a Courant–Friedrich– sub-grids with multi-level of patch refinement in
Levy condition on all the grids of the hierarchy.9 This is rea- two dimensions.
sonable as there is no global implementation of a time-step on
coarse or finer grids. The numerical scheme is applied on level l by calling a single routine in a loop over all
the subgrids. The subgrid can be computationally decoupled by using ghost cells. Ghost cells are categorized
into three types based on their location: cells outside the root domain are used for implementing boundary
conditions, cells overlaid by a grid on level l are set by copying the values from the grid where the interior
cell is contained and, finally, cells on the root level to be set by a time–space interpolation from previous
time levels.
At specified time intervals, it is necessary to involve an error estimation procedure to create a new
grid structure. Berger and Collela simplified this procedure by using a set of guidelines for the regridding
algorithm. The first step is to add a buffer zone of unflagged points around every grid. This is to ensure
that discontinuities do not propagate from regions of finer grids to coarser grids. The next step is to flag
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every cell at level l corresponding to an interior cell in a level l + 2 grid to maintain proper nesting. Also,
points within one cell of a non-physical boundary are deleted from the list of flagged points. Now, the grid
generator takes the list of flagged points as input and finally, the new fine grids are ensured that they are
contained in the base level grids.
An estimate of the local truncation error at time t is required to perform the requisite mesh refinement. It
is not necessary to know the exact form of the truncation error, just the order. Theoretically, a distributional
error can be defined by averaging the cell difference between two solutions over some region centered at the
given cell of size O (1) relative to the mesh spacing. Usually in shock problems, this criterion is satisfied
only at shock discontinuities. Thus, it becomes unnecessary to refine the grid in the neighborhood of a
shock separating two states. It is noted though that refinement becomes necessary at linearly degenerate
discontinuities since the number of cells over which they spread is an increasing function of time.
The parallelization strategy for adaptive meshes is more complicated for distributed memory architectures
than shared memory architectures, as the computing nodes in the former has insufficient memory to store
the complete data of large-scale problems. The strategy employed in this case was proposed by Parashar and
Browne,10 wherein a domain decomposition approach is employed to partition the computational domain.
To reduce communication overhead, using synchronized ghost cells permits local AMR executions.

V.

Results

(a) Density.

(b) Pressure.

(c) Velocity.

(d) Temperature.

Figure 3. Profiles of detonation wave propagation for time t = 0, 10, 20, 30, 40 ms.

The AMR technique was tested in one-, two- and three-dimensions in a so-called detonative Sod problem.
The one-dimensional detonation tube has a length of 80 cm and is of the same design as a shocktube. The
driver side of length 30 cm is filled with helium and the driven side has a stoichiometric hydrogen–oxygen
mixture with molar ratio 2:1, temperature T0 = 400 K and pressure p0 = 10 atm. The rupture of the
diaphragm is simulated by raising the helium pressure. Figure 3 shows the density, pressure, velocity and
temperature profiles for a propagating detonation wave with helium in the driver side pressurized to 50 atm.
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A coarse, 200 cell distribution for the entire tube and a three-level refinement were used. A distinct von
Neumann spike and a well-defined Taylor rarefaction, characteristic of detonations can be seen in the figure.
The detonation velocity is estimated to be 1 120 m/s, a CJ temperature of 3 110 K compare well against
the theoretical results of 1 162 m/s velocity and 3 148 K using the Chemical Equilibrium with Applications
(CEA) code.19 The velocity behind the shock front is sustained at almost 450 m/s as the high-pressure
helium is exhausted.

(a) t = 0 s.

(b) t = 14 ms.

(c) t = 28 ms.

(d) t = 35 ms.

(e) t = 49 ms.

(f) t = 56 ms.

Figure 4. Time evolution of detonation wave visualized by the density gradient.

The one-dimensional detonation simulation is extended to two dimensions with u2 = 0. A base grid
of 100 × 20 is set up with three levels of refinement with a fine mesh of 1 799 × 120. The simulation is
performed on a channel 20 × 10 cm to capture the intricate details. Figure 4 illustrates the density gradient
plot to simulate a physical schlieren image. Analogous to diaphragm rupture, a perturbation is initiated.
The simulation is shock-centric in nature by having a velocity shift of −dCJ in the x direction. An automatic
time-step adjustment based on the CF L ≈ 0.90 was applied. The high-resolution plots show a unique flow
structure in the vicinity of the shock front.
The two-dimensional simulation is extended into three dimensions, by simulating a CJ detonation in a
three-dimensional channel. The model is set up similar to the two-dimensional simulation. The boundary
conditions are inflow to the left and outflow to the right and wall conditions on all the sides. The base grid
of 100 × 25 × 25 is set up with two levels of refinement, bring the total mesh count to roughly 3.6 million
grid cells. The CFL stability condition is the same as the two-dimensional simulation.
Figure 5 shows the three-dimensional density gradient plots. The three-dimensional simulations show a
peculiar sloshing phenomenon. The sloshing is associated with the front reflecting against the wall, thus
exhibiting a three-dimensional oscillation. The previous two-dimensional simulations showed a transverse
oscillation, but in the three-dimensional simulation, this transverse wave is somehow coupled in a complex
manner. This three-dimensional mode seems more unstable than the purely two-dimensional one. Also, at
the onset of detonation, the shock front initially accelerates more rapidly than the flame front, similar to
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deflagaration-to-detonation transition.

VI.

Conclusions

An adaptive framework for simulating multi-dimensional detonation waves has been developed. An operator splitting technique to decouple the hydrodynamics and reaction kinetics was used. This technique
aids in the numerical solution of Euler equations with a time-explicit finite volume scheme and time-implicit
discretization for the stiff source terms. This approach is much faster than solving a coupled system of
equations. By using high-resolution finite volume schemes such as Roe–HLLE, a fast and accurate simulation of detonation in space and time is achieved. The Berger and Collela block structured adaptive mesh
refinement, tailored for time-explicit finite volume schemes, was the pivotal reason to the high resolution of
the detonation wave. An effective parallelization strategy was developed using the DAGH framework. Based
on the domain decomposition approach, the entire hierarchy from the root level can be partitioned. The
speed of computations was drastically increased with no reduction in accuracy. Currently, simple reaction
mechanisms were employed as a substitute for more complex reaction mechanisms.
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(a) t = 0 ms.

(b) t = 14 ms.

(c) t = 28 ms.

(d) t = 35 ms.

(e) t = 49 ms.

(f) t = 56 ms.

Figure 5. Color density gradient plots for oxyhydrogen detonation.
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