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1 Introduction
The speed of a propagating shock or detonation wave is a
parameter for characterizing impulse facilities and for understanding detonation phenomena, amongst others. The
propagation speed determined by the time-of-flight (TOF)
method, also known as the time delay method, is
U = ∆ x/∆ t

(1)

where ∆ x is the distance between two transducers over Fig. 1 An example showwhich the wave passes by in a time interval of ∆ t. While ing the arbitrariness of the
this method is well established, it is arbitrary as can be TOF method.
seen in Fig. 1 where different pairs of data points can be
used to form ∆ t. The spread in the rise time depends on a number of factors, such as
the size of the transducer, whether the transducer is recessed, viscous effects, highfrequency ringing and the data sampling rate. The arbitrariness in selecting the two
points does not allow the method to provide an objective estimate of the uncertainty
despite its simplicity. The estimate becomes increasingly unreliable if the error of
the time estimate is comparable to ∆ T . This may occur if the transducers are closely
spaced or if the sampling rate is low. For the same record length, increasing the sampling rate does not fundamentally overcome this difficulty although it may reduce
the uncertainty in the ∆ T estimate.
Arguably, as long as one is consistent, the conventional TOF method should be
acceptable. However, the literature on TOF methods generally does not include an
uncertainty estimate, without which complications in subsequent data analysis may
occur. To provide improved estimates of both the propagation time and its uncerAerodynamics Research Center, Mechanical and Aerospace Engineering Department, University
of Texas at Arlington, Arlington, Texas 76019 (USA)
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tainty for shock and detonation waves, correlation and spectral techniques were
proposed [1, 2]. This paper reports a third technique based on wavelets. Application
of these techniques to transient, propagating events which are non-stationary and
non-ergodic [3], and which have limited data complicates the need to have good
time and frequency resolution. Wavelets appear suitable for processing propagating
signals as they have the ability to localize both time and frequency compared to
correlation and spectral methods. Just as in the previously developed crosscorrelation and cross-spectral methods, the present interest is not simply in the propagation
time but in estimating the uncertainty of the propagation time.

2 Method
Wavelet cross-correlation coefficients (WCCCs) can be used to determine the correlation between a pair of nonstationary signals, e.g., [5]. The WCCC does not depend
on the phase information for estimating the time delay and makes use of wavelet
coefficients to determine the correlation between the pair of signals. The wavelet
cross-correlation function is defined as
d xy (a, τ ) , lim 1
WC
T →∞ T

Z T /2

−T /2

CWT∗x (b, a) CWTy (b + τ , a) db

(2)

where the continuous wavelet transform (CWT) consists of a family of dilated and
translated wavelets that is defined by a mother wavelet ψ and a daughter wavelet
ψa,b as follows [6]:


1
t −b
ψa,b (t) , p ψ
(3)
a
|a|

The family of daughter wavelets is orthogonal to each other and is used to compute
the CWT
CWT (a, b) =

Z∞

∗
ψa,b
(t) x(t) dt

(4)

−∞

A time–frequency representation of the energy spectrum for displaying the CWT,
known as a scalogram,
ECWT (a, b) = |CWT (a, b)|2

(5)

is used to display the CWT. The wavelet phase angle is

θCWT (a, b) = tan−1 {ℑ [CWT (a, b)]/ℜ [CWT (a, b)]}

(6)

and is neglected in some cases when the basis function consists of only real values.
Another useful parameter is the wavelet ridge that is defined by
dECWT (a, b) /da , 0

(7)
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which is the local maxima of the energy spectrum. The wavelet ridge is particularly
useful for extracting extreme energy signatures from the energy spectrum.
A wavelet cross-correlation coefficient can be defined as
q
d
d
d xx (a, 0) WC
d yy (a, 0) ∈ {−1, 1}
WRxy (a, τ ) , WCxy (a, τ )
WC
(8)

where a value of unity and zero signify the strongest and absolutely no correlation
between the pair of signals, respectively. An unbiased, discrete WCCC function that
corrects for edges of the window can be written as
d xy (a, iτ ) =
WC

N−1
1
∑ CWT∗x (i, a)CWTy (i + iτ , a) ,
N − |iτ | i=0

iτ = ∓(N −1), ∓(N −2), . . . , 0

(9)
The cross-wavelet correlation depends on a “mother wavelet” to transform the
pair of signals. Only the Haar and Morlet wavelets are evaluated in the present
work. Further, envelope functions [3] are also utilized here to provide more distinct
peaks for the maximum correlated values.

3 Results and Discussion
3.1 Shock Wave
The ability of wavelet cross-correlation to localize shock propagation is tested using data obtained from a miniature shock tube. The shock tube consisted of a driver
and a driven section, both with a 2.54 mm bore. The lengths of the sections are 495
mm and 686 mm respectively. Wedged in between these tubes is a diaphragm section that is 63 mm long and with the same bore. The driven section was filled with
air at atmospheric pressure while the driver section was filled with air at approximately 1.14 MPa. Diaphragms made of aluminum foil were attached to either side
of the diaphragm section which was pressurized to about 0.5 MPa. Venting the pressure in the diaphragm section caused the diaphragms to break. The pressure history
recorded by two PCB model 111A24 transducers, spaced 101.6 mm apart and sampled simultaneously at 500 kHz per channel is shown in Fig. 2. The figure shows
the time window for these transducers, from 0.0745 to 0.076 s, that was used for
estimating the time delay for the propagating incident shock wave. Theoretically,
the pressure rise is a step. However, the experimental result shows that there are
spurious oscillations following shock passage which complicates the estimation of
the time delay. It can be noted that the time delay between the transducers actually
represents a large fraction of the time window. This limited window size adversely
affects the wavelet cross-correlation result. But the time window cannot be enlarged
due to interference from wave reflections as will be further discussed in Section
3.1.1.
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Fig. 2 Pressure history window for incident
shock wave.
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Fig. 3 Haar wavelet cross-correlation results for the incident shock wave in Fig. 2.

3.1.1 Haar Wavelet
The results for the WCCC–Haar method are displayed in Fig. 3. The contour plot
is represented by a scale for the ordinate and a time delay between the signals for
the abscissa. The scales can be related to “pseudo-frequency,” Table 1. Figure 3
shows several bands of strong correlations at various time delays. The strong correlations seen to the far right are due to a combination of the large unsteadiness
from transducer 2 and the effect of utilizing the so-called unbiased estimate. The
unbiased estimate amplifies the small correlation value near the edges of the time
window, which introduces an error in the estimate. However, two correlated bands
(in green and yellow) are seen at a time delay approximately from 0.15–0.20 ms.
These correlated bands correspond to the expected time delay from the signals.
The time delay results are provided in Table 2. Data from the envelope version of
the Haar wavelet were identical and thus excluded for brevity. (The table includes
the Morlet wavelet to be described later.) As mentioned above, the time delay is a
significant portion of the time window which can create artifacts in the WCCC, as
is evident, for example, at 0 time delay in Fig. 3. To exclude these artifacts, only the
middle half of the data displayed in the cross-wavelet plots is used for determining
the time delay and its standard deviation. This is referred to as “50 percent cutoff.”
This cutoff is arbitrary and was chosen by examining the cross-wavelet plots.
The isolated portion of the cross-wavelet
plots was then used for the time delay estimates. The data in this portion were filtered to Table 1 A scale to pseudo-frequency
relationship for the Haar and Morlet
exclude the scales with erroneous results. The wavelet functions for the shock tube exHaar results appear to be influenced by the ini- periment.
tial shock fronts, unlike the nonstationary crossScale FaHaar , Hz FaMorlet , Hz
correlation method [2]. Further, the time delay
variation amongst the selective scales for the
4
124 514 101 563
Haar method is small with a standard deviation
8
162 257 150 781
of 0.001 ms.
12
41 505
33 854
16 31 128 25391
20
24
28
32

24 903
20 752
17 788
15 564

20 313
16 927
14 509
12 695

Table 2 Time delay values for the incident shock wave using various methods.

τ̄ , ms σ (τ ) , ms
TOF pk–pk
WCCC–Haar
WCCC–Morlet
WECC–Haar
WECC–Morlet

0.158
0.188
0.172
0.188
0.172

–
0.001
0.021
0.001
0.021
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3.1.2 Morlet Wavelet
The results for the Morlet method are shown
in Fig. 4. The Morlet version also contains artifacts at large time delay values that influence
the time delay estimate. The influence is clearly
seen in the dark red bands appearing at the
larger scales (low frequencies) and the smaller
scales (high frequencies). However, for intermediate scales (10–22), the time delay estimate
is in the vicinity of the expectation. Since the
Morlet wavelet is not as well time localized as
the Haar wavelet, the correlated peaks spread as
a function of the center frequency defined by
the Morlet function, resulting in multiple bands
surrounding the maximum correlated values. Once again, as with the Haar wavelet,
use of an envelope only enhances the artifact seen near the edge of the time window
(not presented for brevity).
The 50 percent cutoff was also utilized for the Morlet methods to improve the
time delay results. Only the intermediate section in Fig. 4 provided feasible results.
Thus, only these correlated values were used the time delay estimate for that are
displayed in Table 2. The Morlet methods were influenced by both pressure spikes
recorded by transducer 2. For low scales, the second pressure spike is the primary
influence on the correlation function with a time delay estimate of approximately
0.147 ms. For larger scales, the initial shock front is the main influence for the
wavelet methods. The time delay estimate for the larger scales is around 0.186 ms.
The widely disparate time delay estimates for the small and large scales produced a
large standard deviation of 0.021 ms in this example. It can be noted that the Morlet
methods are adversely influenced by two pressure spikes recorded by transducer 2
(Fig. 2).

3.2 Detonation Wave
The methods discussed above were also used to determine the time delay for a propagating detonation wave measured by PCB model 111A24 transducers spaced 101
mm apart and sampled at 240 kHz simultaneously, Fig. 5.
3.2.1 Haar Wavelet
Examples of the use of the Haar wavelet are shown in Fig. 6. The relationship between the pseudo-frequencies and the scales for the detonation data is provided in
Table 3. The Haar method yields results similar to the TOF method. The violent
oscillations have an increased effect with increasing scale. The effect of the oscil-
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Fig. 4 Morlet wavelet cross-correlation results for the incident shock wave in Fig. 2.

Fig. 5 Detonation wave pressure history.

Fig. 6 Haar wavelet cross-correlation results with a constant upper time limit for the
detonation wave of Fig. 5.

Fig. 7 Morlet wavelet cross-correlation results with a constant upper time limit for the
detonation wave of Fig. 5.

lations can be seen graphically by the slower rolloff of the values to the left or the
right of the peak value. A slower rolloff to the right indicates that the more violent
oscillations are exhibited in the following signal. On the other hand, a slow rolloff
to the left indicates the opposite. The figure shows that the rolloff rate was slower
for the right half, which indicates that the following signal, that is, from transducer
4, contained the oscillations. For low scales, that is, high frequencies, the effect of
the oscillations was small.
The time delay estimates for the WECC–Haar are similar to the results for the
WCCC version. The envelope creates a more distinctive result for the time delay
estimate, as the peak value is sharper. The effect of the oscillations is also exhibited
for the WECC–Haar method, but at a reduced magnitude relative to the peak value.
3.2.2 Morlet Wavelet
The Morlet result is shown in Fig. 7. Unlike the Haar method, the Morlet variation
yields large uncertainty in the time delay estimate. Like the Haar method, the effect
of the oscillations can be seen graphically by a slower rolloff to the left or the right
of the peak value. The Morlet result for scales 14 and higher have a distinct region
that corresponds to the expected time delay. For lower scales (higher frequencies),
there are strong correlations at a larger time delay. The Morlet wavelet appears to

Cross-wavelet techniques for uncertainty estimates

7

be unable to properly yield the time delay estimate as the time localization of the
wavelet is not adequate for impulse-like functions.
Table 4 lists the propagation time. The Morlet methods have difficulties in successfully determining the propagation time. These methods were unable to provide a
good time delay estimate due to the violent oscillations during the Taylor expansion
following the von Neumann spike.

3.3 Further Discussion
The 50% cutoff and filtering for the Haar and Morlet methods had no effect on the
time delay estimates. The cutoff was not required for the detonation case because
the signal’s power diminished near the edge of the window and the delay between
the signals was relatively small compared to the size of the time window. Whereas
for the shock tube experiment, the signal did not diminish near the edge of the time
window. Also the time delay between the signals relative to the time window was
much larger for the shock tube data.
Table 3 A scale to pseudo-frequency relationship for
the Haar and Morlet wavelet functions for detonation
data.
Scale FaHaar , Hz FaMorlet , Hz
4
8
12
16
20
24
28
32

59 767
29 883
19 922
14 942
11 953
9 961
8 538
7 471

48 750
24 375
16 250
12 188
9 750
8 125
6 964
6 094

Table 4 Time delay values for the detonation wave.

τ̄ , ms σ (τ ) , ms
TOF pk–pk
WCCC–Haar
WCCC–Morlet
WECC–Haar
WECC–Morlet

0.029
0.030
0.045
0.030
0.045

–
0.002
0.024
0.002
0.024

4 Conclusions
The time-of-flight of a propagating shock or detonation wave is an important parameter in experimental studies of such phenomena. Typically, the TOF is determined
visually, which introduces a certain amount of arbitariness, especially in quantifying the uncertainty of the estimate. Quantitative methods were proposed previously,
utilizing cross-correlations [1] and cross-spectra [2]. Haar and Morlet wavelet methods were developed to obtain the TOF estimate by testing them against model functions. This study showed that these wavelets can be applied to step discontinuities
provided that the SNR ratio is good, as is usually encountered in shock tubes. Both
wavelet methods worked very well for a spike followed by a decay. One can also
conclude that wavelet methods work well with spiky profiles. For step disconti-
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nuities such as shock waves, the noise level should be low for the variance to be
properly obtained.
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