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ABSTRACT

FLOW OF NONEQUILIBRIUM CHEMICALLY REACTING GAS MIXTURE

IN A HYPERSONIC NOZZLE

QUI MINH HA, M.S.

The University of Texas at Arlington, 1987

Supervising Professor: Donald R. Wilson

Flow of a nonequilibrium chemically reacting gas
mixture in a hypersonic nozzle is analyzed with boundary
layer correction. A general chemical kinetics computer
program for complex, homogeneous ideal gas reactions is
combined with a boundary layer program to evaluate flow
properties throughout the hypersonic nozzle. An implicit
numerical integration method is used for the solution of
the differential equations that describe a complex
reaction. The boundary layer thicknesses, skin
friction, and heat flux in an axi-symmetric nozzle are
obtained by solving, simultaneously, the integral momentum

and energy equations for a thin axi-symmetric boundary

iv



layer.

The resulting Mach number, temperature, and
concentrations of species will be plotted against axial
distance through the nozzle and compared with equilibrium

and frozen flow limits.
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NOMENCLATURE

denotes chemical symbol of species i.
molar concentration [moles/volume] of
specific heat at constant pressure of
= m./m, mass fraction of species i.

i
absolute enthalpy of species i.
sensible enthalpy of species i.
energy of formation of species i.
reaction rate, in general.
backward reaction rate.
forward reaction rate.
equilibrium constant.

mass of a system.

mass of species i.

m/N, molecular weight of a system.

1 1

number of species in gas mixture.

X

i.

m /N , molecular weight of species i.



moles of a system.
moles of species i.
= X P, partial pressure of species i.

h

combustion pressure.

i
hd|
i

(Cp /T)dT.
i i

N /N, mole fraction of species i.

i

number of chemical reactions in a system.
chemical potential of species 1i.

stoichiometric coefficient of i in reactant.

stoichiometric coefficient of i in product.

i=1 i
=(v" =-v"').
i i
= :E; v = Av in reaction j.
1= ij
=(v "-v ') = Av in reaction j.
ij ij i

=m /m = C p, partial density of species i.
i i

Xi



b species source function of species 1i.
i

T daT
$ = Cp —

T T

i

Subscripts
i denotes chemical species, (i=1,2,...,n).
ij denotes species i in reaction j.
j denotes chemical reaction, (j=1,2,...,2)
P denotes combustion products.
R denotes combustion reactants.
Superscripts
o] denotes thermally perfect gas property at latm.
Other
(") denotes molar basis.

xii



CHAPTER I

INTRODUCTION

Because of the practical importance of high-
temperature flows through nozzles, intensive efforts were
made after 1950 to obtain relatively exact numerical
solutions for the expansion of a high-temperature gas
through a nozzle when vibrational and/or chemical
nonequilibrium conditions prevail within the nonideal gas.
In a rocket nozzle, nonequilibrium effects decrease the
thrust and specific impulse. In a high temperature wind
tunnel, the nonequilibrium effects make the flow conditions

in the test section somewhat uncertain.

Nonequilibrium effects were previously analyzed by
David A. Bittker and Vincent J. Scullins of NASA Lewis
Research Center [1]. Their general chemical Kkinetics
program solves numerically the differential equations
describing complex, homogeneous reaction in either a static
system or one-dimensional inviscid flow. Applications
include ignition and combustion, shock wave reactions and
general reactions in a flowing or static system.

But in hypersonic nozzle flow, the boundary layer
thickness sometimes can be quite large, causing the core
flow area to be significantly smaller than the geometric

1
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area. The general chemical kinetics program described
above failed to consider the presence of boundary layer
near the wall.

In this report, the NASA general chemical kinetics
program [1] will be coupled with the JPL boundary layer
program [2] to determine the properties throughout the
nozzle. The area input for the nonequilibrium chemically
reacting nozzle flow will be adjusted for boundary layer
effect. A variety of stagnation conditions will be used
along with various nozzle geometries to determine Mach
number, temperature, and concentrations of species
throughout the nozzle. JPL boundary layer program 1is
widely used for rocket nozzle, nozzle design and
hypersonic wind tunnel problems.

In many real flow situations, the flowing gas deviates
from perfect gas behavior because of imperfect gas effects

suich as the following:

1. As the temperature of a diatomic or polyatomic gas is
increased above standard conditions, the vibrational motion
of the molecules will become important, absorbing some of
the energy which otherwise would go into the translational
and rotational molecular motion. The excitation of
vibrational energy causes variations in the specific heats
because of the activation of vibrational and electronic

modes of energy storage in the gas molecules. As the gas
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temperature is further increased, the molecules will begin
to dissociate (the atoms constituting the various molecules
will break away from the molecular structure) and even
jonize (electrons will break away from the atoms). Under
these conditions, the gas becomes chemically reacting, and
the specific heat becomes a function of both temperaturs
and pressure.

2. vVariations in the gas constant of a single species due
to the intermolecular forces and the effects of molecular
volume.

3. Variations in the molecular weight and the specific

heats of a gas mixture because of chemical reactions.

Flow in a hypersonic nozzle involves high temperature
gas; this implies the gas properties are functions of
temperature, pressure, the speed at which finite reactions
are taking place, the speed of the fluid elements
themselves, and the actual geometric scale of the flow
problem, so that properties deviate from perfect gas
behavior. Therefore, using the isentropic relations with
calorically and thermally perfect gas assumptions to solve
for flow properties are not valid and other methods have
to be applied. Chemical kinetics calculations such as
equilibrium flow (isentropic assumption), frozen flow
(isentropic assumption), nonequilibrium flow {non-

isentropic assumption) are concerned with the imperfect



gas effects arising from Item 3 above, chemical reaction.

Chemical kinetics calculations in reacting gases are
of interest today for many different applications. Some
examples are (1) ignition and combustion of fuel-oxidant
mixtures, (2) expansion of combustion products, and (3)
chemical reaction behind a shock wave. Very involved
numerical methods are needed for detailed computations in a
gas where many reactions are occurring at the same time.
Simplifying assumptions can sometimes be made while still
obtaining useful results. T™wo of the most used ideas are
(1) the assumption of equilibrium flow (infinite reaction
rates) and (2) the assumption of sudden freezing or rapid
transition from infinite reaction rates to zero reaction
rates. The assumption (2) often gives useful information
with the use of only a small amount of chemical kinetic
information. For better insight into the reaction details,
however, exact theoretical calculations are needed. The
term exact is used here to mean that all important chemcial
reactions and their rate constants are included in the
analysis.

The analysis of nonequilibrium flows is inherently
different from equilibrium or frozen flows in the following

fundamental ways:

1. The finite rates force the use of differential

relationships for the governing equations. In contrast,



5
equilibrium or frozen flows through nozzles or across shock
waves can be treated with strictly algebraic relations.
For nonequilibrium flow, the differential form of the
governing equations must be used.

2. For a nonequilibrium chemically reacting flow, the
composition is no longer a unique function of the local
pressure and temperature, but rather depends on the speed
at which the finite-rate reactions are taking place, the
speed of the fluid elements themselves, and the actual
geometric scale of the flow problem. Vibrational energy
for a nonequilibrium vibrationally excited flow is no
longer a function of the local temperature. Hence, for the
analysis of such nonequilibrium flows, the unknown chemical
composition and/or vibrational energies introduce the
requirement for additional governing equations.

3. Equilibrium flow corresponds to the upper limit for the
chemical reaction kinetics where reaction rates are
infinite, and frozen flow corresponds to the lower 1limit
where reaction rates are zero. Nonequilibrium flow

corresponds to flow where reaction rates are finite.

In this report, nonequilibrium chemical kinetics
theory 1is applied to solve for flow properties in the
hypersonic nozzle taking into account imperfect gas

effects. Nonequilibrium assumes:



1. Nonisentropic

2. Finite reaction rate

3. Thermally perfect gas for individual species

4. Specific heat for individual species is a function of

temperature only

Modifications for real gas effects in nonequilibrium

analysis:

1. Variation in specific heats because of the activation
of vibrational and electronic modes of energy stored in gas

molecules

As given in thermodynamic tables

2 + A T3

37+ .. (1.1)

cp(T) = A+ AlT + A2T

where A, Al, Az, A3, ... are constants. For the mixture

of individual species

n m.
- 1 s -
Cpmixture(P'T) = fi; - Cpi (i=1,2,...,n) (1.2)
mix

where Cpi is the specific heat of individual species and

mi/m is the mass ratio.

mix

Specific heat for the mixture 1is function of both
temperature and pressure since the mass ratio is a function
of both temperature and pressure.

2. vVariations in the molecular weight of a gas mixture



because of chemical reactions

n
Wiy = le X,m; (1.3)
where
ﬁmix = molecular weight of mixture = £(P,T)
ﬁi = molecular weight of individual species = constant
xi = mole fraction of individual species = f(P,T)
3. Variation of compressibility factor in the state

equation for the mixture
PV = 2RT (1.4)

Assumption of a thermally perfect gas (2 = 1) is not valid

for the mixture. For a mixture of individual species
n
PV =T > 2;RC, (1.5)

zi is assumed to be unity by assuming thermally perfect gas

for each individual species.

Several computer programs have been written which use
a finite difference method to integrate the differential
equations of chemical Kkinetics. The main effort in
developing these programs was to make the integration
scheme overcome a mathematical instability problem that

arises in these calculations.
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A general chemical kinetics computer program for
complex gas mixtures has been developed at Lewis Research
Center [1). This program can be used for any homogeneous
reaction in either a flowing or a static system. aAny
chemical system may be used for which species thermodynamic
data and reaction rate constants are known. The program
handles several types of reactions. These include
bimolecular exchaﬁge reactions, unimolecular
decompositions, bimolecular decompositions, and the reverse
recombination processes. For flow reactions this program
assumes one-dimensional flow. This is usually a good
approximation for many systems of practical interest, and
the additional complications of three-dimensional kinetics
computations are not required.

Because of the importance of the boundary layer in the
hypersonic nozzle, the JPL boundary layer program [2] will
be coupled with the NASA chemical kinetics program [1].
Using the definitions of displacement-, momentum-, and

energy boundary layer thickness along with the integral

momentum and energy equations, the JPL program computes
boundary layer thicknesses, skin friction coefficient, heat
transfer coefficient, and cumulative heat transfer.

The major problem encountered when coupling the
chemical kinetics together with the boundary layer is the

chemical kinetics program takes into account imperfect gas
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effects that arise in a high temperature gas £low, while
the boundary 1layer program assumes ideal gas flow.
Because of the 1limited scope of this report, the
modification of imperfect gas for the boundary layer
program will be left for future studies.

To recap, a nonequilibrium chemical kinetics analysis
with area correction from the boundary layer is applied to
a hypersonic nozzle to solve for properties in the nozzle.
Because of the deviation from perfect gas behavior of
high temperature flow, the dependence of properties on
temperature, pressure and speed of the finite
reactions are taken into account in the calculations.
Results are compared with the equilibrium and the
frozen flow results. The results of nonequilibrium flow
should fall between the two limits: equilibrium and frozen
flow.

The equations employed in the chemical kinetics and
boundary layer programs are derived in the next section,
followed by the discussion of results. The nonequilibrium
results are plotted and analyzed along with the equilibrium

and frozen results.



CHAPTER II

DERIVATION OF EQUATIONS

2.1. Fluid Dynamic and Chemical Kinetics Equations

2.1.1. Chemical Thermodynamics
The derivation in this section is extracted £rom
Ref. [3].
Each individual chemical species i (i=1,2,...,n) is

assumed to obey the perfect gas law. Thus,
P. = p.R.T (i=1,2,...,n) (2.1)

where thermal equilibrium is assumed to exist so that the
temperature of species i equals to the temperature of the
mixture, T; = T.

Dalton's law stated that the mixture pressure is the
sum of the partial pressures of the individual species, so

that

n
P=2_ P, (2.2)
i=1

where Pi is the partial pressure of species i. The mass

fraction Ci of species i is defined as

10
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C., = = (2.3)

n
P =pT 2, C;R; = pRT (2.4)
i=1
where
>
R = C.R, (2.5)
=1 *t¢
R
i

where R is the gas constant for the gas mixture ’Ri is the

gas constant for the individual species, R is the Universal

gas constant and ﬁi is the molecular weight of species i.
On a molar basis, the equations pertinent to a mixture

of thermally perfect gases are the following.

PiV = NiRT (2.7)
n

N= >, N, (2.8)
i=1

N.
X. = - (2.9)
N
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PV = NRT (2.10)

— n —

m = Zl X;m; (2.11)
i=
ci'n'\

X3 == (2.13)
my

when performing thermochemical calculations, the
absolute enthalpy of each species, denoted by Hio, must be
employed. The magnitude of the absolute enthalpy is equal
to the sum of the sensible enthalpy change above some
reference temperature plus the chemical energy required for
forming the chemical species from its naturally occurring
elements at the reference temperature. The reference
temperature is generally 298.15 K, and the naturally
occurring elements at that temperature are Hz(gas),

Oz(gas), Fz(gas), Nz(gas), C(graphite), and so on. Thus,

o _ (1y° - o o

where (H° - H298°) denotes the sensible enthalpy change

between T=298.15 K and T=T, and AHf 2980 denotes the energy
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of formation at T=298.15 K. By definition, the energies of
formation of the naturally occurring species are zero, and
the energy of formation for a given chemical species 1is
defined relative to the naturally occurring species.

The sensible enthalpy is given in thermodynamic tables

as

(° - 3298°)i = T EbidT (2.15)
298.15

The absolute enthalpy H of the gas mixture is given by
= n =0 =0
H=NE =2 NH® =N ;§: X8, (2.16)

where H is the absolute enthalpy per mole of the gas
mixture.
The general entropy equation for a pure substance is

given by
TdS = QU + P4V (2.17)

For a thermally perfect gas,

dT 4ap
ds =Cv — + R — (2.18)
T P

Entropy for a mixture of gases may be determined in two

steps:
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a. Each species is subject to a change of state from a
reference temperature and pressure Po and To to the
pressure P and temperature T of the mixture. |
b. Each species is expanded adiabatically to fill the
entire volume of the mixture at a pressure equal to its

pressure Pi in the mixture.

Integrate equation (2.18) for the first step discussed

above,
T daT P
S = Cp — - Rln— = ¢ - R1nP (2.19)
To T Po

where So=0, Po=1 atm are reference entropy and pressure and

T dT

To T

¢ is given in most thermodynamic tables

For a mixture of n species

n -
s=>_ N,S§. = é: N.9. - NR1nP (2.21)
=i *t = Y

For the second step discussed above, integrate

equation (2.18) with T=constant

ds = -R — (2.22)
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Now integrate between limits P=P and P=Pi, to obtain for

species i
AS. .. = -Rln —— = -R1nX. (2.23)
For a mixture of n species, on a molar basis

n - _ n
8Spixing = E N; 8S; mixing -~ MR 1§=:1 X; lnXy (2.24)
Entropy of the mixture may be obtained by adding

equations (2.21) and (2.24)
o - -
s =3, N7°-NRInP_ - NR 2 X;InX; (2.25)
i=1

where Eio, for a given species, is determined at a pressure
of one atmosphere.

The determination of thermodynamic derivatives like Cp
becomes complicated for a reacting mixture of thermally
perfect gases.

3H

e - 0 I -0 i
Cp =(—)_ = > X.(Cp) . + 2, H, | ) (2.26)
o7 P i=1 1 1 =5 ¢ dar P

when chemical reaction rates are zero (frozen):

n
= S =0
CPfrozen ~ = X, (Cp )i (2.27)
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2.1.2. The Species Source Function

If a chemical reaction is not in equilibrium, there
is a net rate of either generation or depletion of each
species, called the species source function, which is
denoted by o4 - The magnitude of oy depends on the local
thermodynamic properties of the flowing gas. Therefore, we

may write

a; = oi(P,p,Ci) (2.28)

For a chemically reacting mixture of thermally perfect
gases, an explicit expression is derived for the species
source function in this section.

In a mixture of chemically reacting gases, many
elementary reactions may occur simulﬁaneously. Denote the
individual reactions by the subscript j(j=1,2,...,2), where
2z denotes the total number of elementary chemical reactions
involved. For a given set of initial reactants, the
combination of the individual reactions that occurs is
known as the reaction mechanism.

For a mixture of gases in which several reactions

occur simultaneously, the general reaction equation is

n K. ™
S VisRy _f1 viyPy (5=1,...,2) (2.29)
i=l Xp3 121
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where
;j = stoichiometric coefficient for the reactant
v;j = stoichiometric coefficient for the product
Kfj = rate constant for the forward j reaction

Fal
[}

bj rate constant for the backward j reaction

[Ai] = molar concentration = moles i/volume mixture

The relationship between the species source function
94 and the thermodynamic properties of the reacting gas
mixture is Dbased on the law of mass action. That 1law
states that "the rate at which an elementary reaction
proceeds is proportional to the product of the molar

concentrations of the reactants each raised to a power

equal to its stoichiometric coefficient in the reaction

equation." Define the molar concentration by
N. P C.p
[A;] = — = — = = (2.30)
v mpom

Accordingly, the law of mass action yields the following

relationship for an arbitrary reaction j.
{Rate}. = K, TQT [a.1%ij (j=1,2,...,2) (2.31)
J Ji=1
In equation (2.31), Kj is the reaction rate constant for

the arbitrary reaction j; experiments show that Kj depends

only on the temperature of the reactants. Hence, for the
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general reaction equation, equation (2.31) becomes

{rate left-to-right}j {Rate L--R}j

]'[ (a1 13 (j=1,...,2) (2.32)
Ji=1

and

1}

{rate right-to-left}j {Rate R--L}j

Kpj 'l'l'[A i (3=, ...,2) (2.33)
i

where Kf and ij denote, respectively, the pertinent

3
forward and backward reaction rate constants for the
arbitrary reaction j.

The time rate of change of the molar concentration of
species i is also directly proportional to the

stoichiometric coefficients of Ai in the reaction equation.

For the left-to-right direction of reaction j

da[a. .
_—l_l = — a -y’ = —
. {Rate L R}j (vij Vij) {Rate L R}jAvij (2.34)

Combining equations (2.32) and (2.34) gives for the left-

to-right reaction

dala; 1.

— 1] - .
" Bvs 5K "{_T (A4 VY 13 (2.35)
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By analogy, we obtain for the right-to-left direction of

reaction j

d[Ai]- T—T : ]
jadis Sl NN A 1713 (2.36)
dt 81503 {4

The net rate of generation of species i for reaction j

is the sum of the generation rates L—~R and R—L. Thus,

dala.l. n n
——d = av; TT (agVi5 - Ry TT0A;0%85 ) (2.37)
dt =1 i=1

The units of d[Ai]j/dt are moles/volume-time. On a mass

basis, equation (2.37) becomes
Ga e = _lJE\ (j=l,2,...,Z) (2038)
1) dt

Ssumming over all of the z reactions comprising the
reaction mechanism, and substituting equations (2.30) and

(2.37) we obtain

_ Z n pC
oy =M, jglAvij [KEJTT( ) i3 - Kp; TT;(—;) 1351 (2.39)
my i

Equation (2.39) defines the species source function o for
species i in a mixture of chemically reacting gases. Since

K and ij are functions only of the temperature, and

£3
=P/pR, where R is mixture gas constant; equation (2.39)

may be expressed in the functional form presented earlier.
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Thus,

o; = oi(P,p,Ci)- (2.40)

At equilibrium °i=°' and equation (2.39) yields

Kess n oC. av
L= TT (=271 (3=1,...,2) (2.41)

The mole fraction Xi of species i is given by equation

(2.13). Thus,
X, = --i- (2.42)

The equilibrium constant equation will not be derived here,

it is given in Ref. [3] as
an
K(T) =TT 2.%1 = exp (- —) (2.43)
P i RT

where Kp(T) is called the equilibrium constant.
Substituting equation (2.42) and the perfect gas equation
of state, ©P=pRT, where R is the mixture gas constant, into

the equation for the equilibrium constant, equation
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(2.43), we obtain equilibrium constant Kp 3 for reaction
j. Thus,
- av, B fC av .
K. . = (RT) 3J [T (—) ij {j=1,...,2) (2.44)
p’J i_l m.
= i

Comparing equations (2.41) and (2.44), it is seen that

Keo - =QV
ok . E®D TG (5=1,...,2) (2.45)
Ko p.3

Equation (2.45) shows that the forward and backward
reaction rates are not independent, but they are coupled
through the equilibrium constant Kp,jf

According to current theories, before a molecule can
enter into a chemical reaction it must be activated; that
is, it must possess a certain minimum energy Ea’ called its
activation energy. The latter is the energy required for
weakening or breaking the chemical bonds of the molecule.
The magnitude of Ea is determined experimentally.

An important characteristic of the rates of chemical
reactions is their strong dependence on the reaction
temperature T. Increasing the temperature T produces a

rapid increase in the chemical reaction rate, and it is

presumed to cause either a weakening or the destruction of
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the intramolecular bonds. In the case of a gas phase
reaction, the random thermal motions of the reacting gas
molecules cause a tremendous number of collisions. It is
estimated that, at standard conditions, each molecule on
the average experiences 1010 collisions per second.
However, only the collisions of the activated molecules are
sufficiently energetic for producing a chemical reaction,
and such collisions are relatively few.

Arrhenius (1899) proposed the following equation for
the dependence of the chemical reaction rate K on the

temperature T. Thus,
K = Aexp(-Eali'r) (2.46)

where A is known as the frequency factor, which is a
measure of the total number of collisions. Since the

latter is proportional to square root of T, we may write
A = constant VT (2.47)

The exponential term exp(-Ealﬁt) is related to the fraction
of the molecules having energies larger than the activation
enerqgy Ea.

Practically speaking, reaction rates must be
determined experimentally, and accurate measurements are

difficult to accomplish.
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2.1.3. Reactions

The following types of chemical reactions are

pertinent to high temperature gas flows:

Type 1 - bimolecular shuffle reaction:

Xy
Sl+52 = SB+S4
b3
d[SI]
— = - [5,1(S,] = Ky [S31[S41) (2.48)

Type 2a - three-body recombination:

Xy
M+Sl+52 Kb S3+M
j

where M, the catalyst molecule, can be any species present.

dls,]
dat

= - ] (R; [5,10S,] - Ky [S3D) (2.49)

where Mj, the third-body efficiency factor for the jth

reaction is

mij[si] (2.50)

=
L)
I
[
It MZ
=

In this equation mij is the third-body efficiency
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factor for species i in the jth reaction. It is a

. in equation

correction only on the preexponential factor AJ

(2.46) and can be written as

= (Bj)species i

13 ()

(2.51)

where (Aj)o is the Aj value for a reference species as a
third body. Mj is present to correct for the effect on
equilibrium constants from the present of catalyst

molecule.

Type 2b - two-body dissociation:

K.
M+ S, ==£L== S

+ S, +M
K. . 2
bj

1

where M is the catalyst molecule

d[s,]

dt

= - [Mj] {Kj [s3] - K [51][52]} (2.52)

bj

Type 3a - unimolecular decomposition:
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Type 3b - two-body recombination:

1 2 3
K .
b3
d[51]
—= = - (R [5)]1S,] - Ky [S;D) (2.54)

The size of d[sj]/dt tells approximately the
importance of any single reaction among all those
occurring. The sign of d[sj]/dt tells how the reaction is
actually occurring: d[sj]/dt is positive if the jth
reaction is proceeding from left to right as written, and
negative if it is proceeding in the opposite direction.

For some problems the heat release rate is an

important consideration. For such situations another

useful quantity was defined and used to measure a

reaction's importance. This is the net energy conversion

rate for the jth reaction defined by
4a[s;] afs.;]
iH -1 (AHygg) s (2.55)
dt dt 3

where (AH298)j is the molar heat of reaction at 298 K for
the jth reaction proceeding in the forward direction, from
left to right.

Experiments involving hypersonic nozzle usually use
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high temperature air. There are many reactions involved
in high temperature air flow. The main reactions are

indicated below

N + O0,=—= NO + O
(0] + NZ - ———— NO + N
N + O =———= NO + M
o + 0 T/ o, + M
N + N — N, + M
NO + O === No, + M
M + NOST=——=N, + O
0O + NOT—T=N, + 0,
NoT + T =———= W + O
of + e =—mm o0 + M
o, + e T=mm= 02' + M
o, + (o J—————] 02' + 0

The composition of air at standard conditions in mole

percent is:

N2 = 78.0881
O2 = 20.9495
Ar = 0.9324
co, = 0.0300

2

and negligible amounts of other species.
Notice that Argon is an inert and does not react with

other species.
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2.1.4. Governing Equations for Nonequilibrium Chemically

Reacting Flow

The conservation equations for a complex reacting
gas from Ref. [3] are presented in this section. They are
derived for one-dimensional steady-state flow through an
arbitrarily assigned area profile.

Figure 2.1 illustrated schematically an element of
length dx of a one-dimensional flow passage through which
flows a nonequilibrium chemically reacting mixture. The
flow is steady and progresses in the direction of
increasing values of x. The flow takes place under the
conditions 8Q = W = &F = gdz = 0. The basic equations

are

a. Momentum equation

av dp
dx dx

b. Energy equation

VZ
h + — = constant (2.57)
2
where h denotes the absolute enthalpy, which comprises the

sum of the sensible enthalpy plus the energy of formation.

On a mass basis, it follows that
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T3 4
. uE
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——’l 0dr ‘—_. A+dh
» vddy VLV
f B
o +dp
T+tM=aT+4T
A+ dA,
V.+dW =V + dV
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»

fr——— ~

[
T.=T

L]

Vi=Vv

1
)
¥

Fig. 2.1 - Flow model for the nonegquilibrium flow
of a chemically reacting gas mixture.
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n n T
h = Z C.h, = Zi N [J Cp; dT + hi° 1 (2.58)

where hi° denotes the energy of formation per unit mass.

c. Continuity equation

Because of the chemical reactions, the composition of
the flowing gas varies along the flow path. Consequently,
to obtain the continuity equation for the flow, the law of
the conservation of mass must be applied to each chemical
species in the flowing gaseous mixture. Hence, for species
i, assuming that there is no mass diffusion or thermal

nonequilibrium so that Vi = V and Ti = T, we may write
dmi = d(piAV) = oi(Adx) (i=1,...,n) (2.59)

In equation (2.59), o denotes the species source function
defined by equation (2.39) for a mixture of thermally
perfect gases.

Substituting Py = Cip into equation (2.59) yields
d(CipAV) = (pAV)dCi+Cid(pAV) = oi(Adx) (i=1,...,n) (2.60)

For a steady one-dimensional flow, the global continuity

equation is
m = pAV = constant (2.61)

Combining equations (2.60) and (2.61)
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(pAV)dC:.L = ci(Adx)

or
pV — = 0. (i=1,000’n) (2062)
Logarithmic differentiation of equation (2.61), the global

continuity equation, yields the differential form of the

global continuity equation. Thus,

1 dp 1 d4Aa la4dv
pdx Adx Vdx

d. Thermal equation of state

The thermal equation of state for a mixture of

thermally perfect gases is given by equation (2.4)

P = oT Eg; ciRi = pRT (2.64)
Equations (2.56) to (2.58) and (2.62) to (2.64)
comprise a system of (5+n) equations for determing the
(5+n) flow properties P, p, T, h, V, and Ci (i=1,...,n).
Those equations may be solved numerically for a given
nonequilibrium chemically reacting mixture, for specified
initial and boundary conditions, to yield the flow
properties for a gaseous mixture undergoing a finite rate

process.
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Equation (2.57), the energy equation, may be expressed
in a more convenient form for numerical calculation by
differentiating it and combining the result with equation

(2.58). The final result is
o i
V— = — = > h,—= + Cpg— (2.65)

where cPf is the frozen specific heat given 1in equation
(2.27). Differentiating equation (2.64) logarithmically

and dividing through by dx gives

= - .- == > r, —* (2.66)

dp
—_— (2.87)
ax

B
—_— = - (2.68)
\
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2

where ag" = yfRT is the frozen speed of sound, and
Cpg = YfR/(Yf - 1) (2.69)
n
% [vgR;T = (vg - 1)h;] o; (2.70)
Equations (2.56), (2.62), (2.63), (2.65), (2.69) comprise
a set of (4+n) nonlinear, first-order, ordinary

differential equations that may be integrated numerically.
Precautions must be taken in the transonic region
because the equations have a singularity at the location
where M = 1. Consequently, the specified area method
should be employed upstream and downstream of the transonic
region, and the specified pressure method should be
employed in that region. The appropriate forms of the
differential equations may be obtained by solving the
aforementioned (4+n) equations simultaneously for the

(4+n) derivatives. The following results are obtained.

--Specified area method--

v 1 d4a B

[ - — -

2 2
(Mf -1) A dx pVag

av
— = ] (2.71)
dx



dp Mf 1 4a g B
— = -p { 5 { - — - ]+ 5
dx (Mf -1) A dx pVag pVa
2
dT (vye=1)M 1 4a g {(vye=1) n
— = -T{ _f_?_._f_ [- — - 2] + =L Zhiol}
dx (M “-1) A dx pva_.< YePV i=1
f £ £
dc. O
- = 2 {i=1,2,...,n)
dx oV
n
P = oT g‘i C;Ry

where Mf = V/af is the frozen Mach number.

--Specified pressure method--

av 1

IR

dx pV
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(2.72)

(2.73)

(2.74)

(2.75)

(2.76)
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dp 1 dP g
- = — [ — -] (2.77)
dx ag dx v )
dT (ye~1)T dp 1 n
_ _f —_ = -
- = [ PRI (2.78)
ax %EP dx vV i=1
dCi 9§
— = - (i=1,2,...,n) (2.79)
dx pV
m
A = — (2.80)
oV

A general computer program for complex gas mixture has

been developed at Nasa Lewis Research Center (TND-6586)
[1]. It is written in FORTRAN IV, version 13, and was
developed on an IBM 7044-7094/direct-couple

is an implicit method having second-

system. The

integration method

This program is used in this report to

order accuracy.
calculate the properties throughout the hypersonic nozzle.
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2.2. Boundary Layer Equations

The derivation of the boundary layer equation from
Ref. [2) will not be presented here. Only the assumptions,
integral equations, and basic scheme of the computation

method will be discussed.

2.2.1. Assumptions

The following assumptions are made in the analysis:

1. The flow is axi-symmetric and steady.

2. The boundary layer is confined to a distance from the
wall which is small compared with the distance f£from the
axis of symmetry.

3. The only forces acting on the gas are those due to
pressure gradients and to skin friction at the wall.

4. The only changes in total enthalpy are those due to
heat flux through the wall.

5. The flow immediately outside the boundary layer is
isentropic and quasi one-dimensional.

6. Pressure is constant through the boundary layer
perpendicular to the wall.

7. The gas follows the perfect gas law and has constant
specific heats. (Optionally, the latter assumption can be
removed in computing the driving potential for heat flux.)
8. The gas has a constant Prandtl number, a viscosity

which varies as a power of the temperature, and an
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adiabatic recovery factor of 0.89 (that of air).
9. The skin-friction coefficient is the same as for
constant-pressure constant-wall-temperature flow on a flat
plate at the same free-stream conditions, wall temperature,
and momentum thickness.
10. The Stanton number is the same as for constant-
pressure constant-wall-temperature flow on a flat plate at
the same free-stream conditions, wall-temperature, energy
thickness, and momentum thickness.
11. The Stanton number for unequal momentum and energy
thicknesses is that for equal thicknesses multiplied by
(¢/e)n, where n is a small "interaction exponent."
12. Heat transfer affects the skin-friction coefficient in
one of two-ways:

i. There is no affect, and Ce is the same as for
adiabatic flow, or

ii. Cf is the same as for adiabatic incompressible
flow at a density and viscosity evaluated at the arithmetic
mean between the actual wall temperature and the free-
stream static temperature.
13. The Stanton number for equal momentum and energy
thicknesses is related to the skin-friction coefficient by
von Karman's form of Reynolds' analogy.
14. Any chemical reactions in the boundary layer affect
only the driving potential for heat flux.

15. The boundary layer shape parameters 6/§, 4A/é, and
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energy 6*/9 are those for 1/7-power profiles of velocity
and of the difference between stagnation and wall
temperature.

Assumptions 1,2,3, and 4 define the situation to which
the analysis applies. Assumption 3 excludes, for example,
magnetohydrodynamic forces, and Assumption 4 excludes
combustion effects (except for a possible direct effect on
heat flux as allowed by Assumption 14). Assumptions 1 and
2 are employed in defining 6*, r,¢. Assumptions 5 and 6
are good approximations if the flow has no strong shocks.
Assumption 7 and 8 will introduce significant error in
high temperature hypersonic flow.

Assumptions 9 and 10 are uncertain. That skin friction
and heat flux have the flat-plate dependence on local
conditions 1is certainly valid asymptbtically for gradual
nozzle contours (dr/dz—e= 0 and dTw/dz-- 0), but the
extent of departure in practical nozzles remains unexplored
by experiment except by the limited data which tend to
support the present assumption. The second area of
uncertainty is the boundary-layer thickness to be used in
correlating with flat-plate conditions. Excluding ¢ and A
as vaguely defined and 6* as not directly related to skin
friction and heat flux, the most appropriate boundary-layer
thicknesses for correlating with flat-plate conditions

appear to be the momentum thickness 8 for correlating skin
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friction and the energy thickness ¢ for correlating heat
flux, since skin friction cannot depend very much on ¢ or
heat flux on 6. However, a momentum thickness smaller than
the energy thickness might have a secondary effect on heat
flux by moving the region of maximum turbulence closer to
the wall, increasing heat flux by some factor such as that
postulated in Assumption 11; the interaction exponent n is
not known, but from Stanton number relation with the ¢
and 6, it can be no greater than 0.25 and is probably about
0.1, making the results relatively insensitive to its
choice.

Assumption 12a is based on experiments which showed
no measurable effect of heat transfer on skin-friction
coefficient or Stanton number for cooled boundary layers.
Assumption 12b is the widely-used procedure of evaluating
properties at a "film" temperature and gives only slightly
different values of Cf from those determined by the
"reference" temperature method out to Mach numbers of
interest for most nozzle flows.

Assumption 13 is well substantiated by experiment.
Assumption 14 represents the computationally convenient
viewpoint that the effect of chemical recombination can be
accounted for by employing enthalpy (rather than
temperature) driving potential, 1leaving the heat-transfer

coefficient wunaltered. Assumption 15 agrees roughly with
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observed velocity and temperature profiles on flat plates
and wind-tunnel nozzles, and the resulting values computed
for & and A are likewise rough approximations. However,
the only effect of Assumption 15 on the other parameters
computed is through the ratio 6*/6 which 1is relatively
insensitive to the profiles assumed, and which, in turn,
has only a secondary effect on momentum thickness and skin
friction, and little or no effect on energy thickness and

heat flux.

2.2.2. Integral Equations
If we define the various integral thickness
parameters as follows:

Displacement thickness definition

§ = (1-—) dy (2.81)

r ;ﬁ

T
8 = —(1--)ay (2.82)
pU 18]
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Energy thickness definition

r —— —
pu t -T
¢ = —(1--2 Y. ) dy (2.83)
pU To - Tw

The final form of the integral momentum equation is

given by
2 *x
de Cf dr 2. 1/2 2-M° + (& /8) am 1 dr
— =21+ (=) 17081 , — + - =]
dz 2 dz M(1+{(y-1)/2}IM" dz r dz
(2.84)
and the final form of the integral energy equation
d¢ - T dr
A Ch ( aw W[l 4( — )2 11/2
dz To - Tw dz
1 - 2 aM 1dr 1 aT
W
_¢[ 3 + - - - ]
M{1+((y-1)/2)M°)} dz r dz T -T dz

(2.85)

where 8 Momentum thickness of boundary layer.

N
]

Distance along axis of symmetry.

Cf = Skin-friction coefficient.






