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1 Introduction

Experiments [3] have shown that detonations in non-ideal conditions, i.e., subject to
strong boundary turbulence, support an irregular induction region characterized by
hot spots and incomplete combustion. The present research examines the interaction
of detonation with turbulence with emphasis on structural changes in the induction
region. Both entropic and vortical turbulent fluctuations are considered, and related
to each other by a strong Reynolds analogy.

Vortical and entropic wave interactions are important to a variety of applications.
For example, continuous detonation engines feature the passage of detonation waves
over turbulent patterns generated by previous waves; thus,the front propagates in
non-ideal conditions. Both entropic and vortical components are present in the con-
vected patterns.

In the present study, turbulent patterns are modeled by assuming a canonical
model (i.e., frozen, and isotropic) for pre-shock turbulence. Previous work on canon-
ical detonation–turbulence interaction [6] focused on flowstatistics and showed that
the fundamental difference between the shock and detonation problems is the pres-
ence of a self-excited unstable region in the detonation post-shock, which supports
intrinsic time scales (natural frequency). Linear receptivity analysis shows that the
post-shock is divided in a region dominated by the global instability and another,
downstream, dominated by convection of vortical structures. Self-excited flows (ab-
solutely unstable) are known to be considerably less sensitive to turbulent forcing
when compared to passive flows (convectively unstable) suchas turbulent mixing
layers. The sensitivity of the detonation to forcing is, therefore, of interest, and the
main topic of the present paper.
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2 Methodology

A fifth-order WENO scheme with third-order Runge-Kutta timeintegration has
been developed and validated against the linear growth rateof small perturbations in
Chapman-Joguet detonations. The algorithm is here appliedto obtain numerical so-
lutions for three detonation cases: non-forced, vorticity-forced, and entropy-forced.
The cases are illustrated in details in [6]. The magnitude ofthe vortical forcing is
given by the pre-shock turbulent Mach number,Mt = 0.235. The entropic case is
related to the vortical analog by the Morkovin’s [7] form of the strong Reynolds
analogy, which links density and velocity fluctuations in the pre-shock through
ρ ′

ρ̄ = (γ −1)M2 u′
ū .

The non-dimensionalization discussed in [6] leads to a set of parameters de-
scribed below. For a CJ detonation, the heat release parameter Q is expressed in

terms of the free-stream Mach numberM asQ≡ Q̃
p0/ρ0

=
γ(M2−1)2

2(γ2−1)M2 .

A Mach number of 5.5 yields an adiabatic flame temperature of 2230 K, sim-
ilar to that of small paraffins in stoichiometric air. The scaled activation energy is
taken close to the longitudinal instability limit for planar detonations, with the ra-
tionale that galloping detonations feature slow pulsations that complicate the task
of obtaining meaningful averages [3]. The Reynolds number based on the pre-shock
Taylor scales isReλ ≡ ρ0urmsλ/µ0 = 35, the Prandtl and Lewis numbers are fixed
Pr = 0.72 andLe= 1. The isentropic index is set toγ = 1.2 leading to a CJ velocity
of vc j ≈ 1800m/s, in good agreement with methane/air and propane/air mixtures [2].
A final non-dimensional parameters expresses the ratio of Taylor microscale to half-
reaction distanceL1/2, i.e.,N ≡ L1/2/λ0.

Two values onN are used in the present work. Small scale simulations where
the transverse distance is smaller than the cell size are carried out with N = 1,
and discussed in the dynamic mode decomposition section§3.2. A grid of size
500×101×101 is used to simulate a domain with transverse extensionLy = Lz =
9.1961L1/2. Larger simulations, where the transverse domain is multiple times the
cell size, are carried out with a reduced value,N = 0.3, in order to properly re-
solve the convected turbulence. Large simulations are performed on meshes of size
550×230×230 and domains with transverse extensionLy = Lz = 82.4 L1/2. They
are discussed in the soot foil analysis of§3.1.

3 Results

Spectral and correlation analyses discussed in [6] reveal the link between pre-shock
forcing and post-shock statistics. Results were presentedas space-time averages,
therefore detailed information on the convected structures was lost. This informa-
tion is retained in the present study by performing a soot foil analysis, showing the
effect of forcing on the surface pressure traces, and a dynamic mode decomposition
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(DMD) [8] of the volume solution, showing spatial distribution of coherent fluctua-
tions.

3.1 Soot foil analysis

Pressure (and density) traces on a periodic plane withz= Lz/2 are evaluated as

p̃ =

∫ Tspan

0
max(p(x−vCJt,y,Lz/2,t)− pCJ,0)dt. (1)

Computational traces are shown in Fig. 1, where the top row refers to the non-
forced Navier-Stokes simulation, the middle row to the vorticity-forced one, while
the bottom row shows the entropy-forced result. The left column in Fig. 1 shows the
pressure traces, while the right column shows the density traces. Traces are recorded
over a time-spanTspan= 10L1/2

√

ρ0/p0. The non-forced result shows an irregular
cellular pattern, which is in agreement with Kessler et al.’s [5] result, albeit for a
different set of parameters. The predicted cell pattern is bimodal, with large cells
marked by strong transverse collisions of widthλc,1 ≈ 40 L1/2, and smaller cells
supported by weaker collisions of approximately half that size,λc,2 ≈ 20 L1/2. The
patterns of the vorticity-forced case are very similar to the unforced case, while
the entropy-forced case features a significantly more irregular cell distribution. The
pressure traces of the entropy-forced case is characterized by weaker triple-point
collisions, and the density traces reveal a finer cellular structure when compared to
the two other cases. The average width of the cells is approximatelyλc,3 ≈ 10L1/2.
The decrease in cellular width caused by entropic forcing isin agreement with the
reduction in integral scale presented in [6], and suggests alink between integral
scale and cell width.

3.2 Dynamic mode decomposition

DMD determines and ranks temporal evolution modes according to their coherency.
The dynamic modes are the eigenvectors of a reduced evolution operator evaluated
by algebraic manipulation of the matrix of solution snapshots. The extraction of
modes does not involve spatial or temporal averaging, therefore, it overcomes the
shortcomings of the bi-orthogonal [1] and proper orthogonal [1] analogs for the
analysis of systems with a large spectrum of time and length scales (see discussion
in [8]).

The reduced system dynamics is described by a low order matrix S̃ evaluated
based on the matrix of snapshotsVn+1

1 ≡ {v1,v2, . . . ,vn+1}, wherevi is a column
vector of sizem representing the state of the system at an instant in time. The matrix
S̃ is related to the full-system matrixA via an approximate similarity transformation
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Fig. 1 Numerical traces of pressure (left column) and density (right column) supported by the three
inflow conditions: (top row) unforced, (middle row) vorticity forced, and (bottom row) entropy-
forced. The left and bottom axes are scaled by the Taylor microscale, the top and right axes by the
half-reaction distance. This set of simulations is carriedout withN = 0.3. The double arrow in the
top-left panel indicates a cell of widthλc,1 = 41L1/2.

S̃= UHAU, whereU contains the economy right singular vectors ofVn
1 = UΣWH .

The similarity transformation yields̃S≡UHVn+1
2 WΣ−1. In general, the size of the

discretized systemm is much larger than the number of snapshotsn, thus the sin-
gular value decomposition is thin (see [4] p. 72) and the similarity transformation
is approximate. The full-system eigenmodes are obtained bymultiplying the right
eigenvectorsyi (corresponding to the eigenvaluesµi) of S̃ timesU , i.e.,

Φi = Uyi . (2)

Each eigenmode is associated with a degree of coherence,χi = yT
i Diag(Σ) , where

Diag(Σ) is the economy size (i.e., lengthn ) vector of singular values. The singular
values rank the coherency of the time-averaged spatial structures, (i.e., the topos
of [1]); the coherency of dynamic modes is, thus, evaluated as the product of the
coherency of the topos and the coefficients of the linear combination of equation (2)
.

The temporal modal frequenciesλi ≡ log(µi) are shown in Fig. 2 for the three
cases. The vertical symmetry of the maps is explained by noting thatλ values are
either real or complex conjugates pairs, becauseS̃ is real by construction. The val-
ues are drawn with symbols of magnitude and color scale proportional to their co-
herency. Figure 2 shows a good degree of similarity between the maps of entropy-
forced and non-forced cases, with a narrow distribution around the dominant real
(large brown circle) eigenvalue. On the other hand, the vorticity-forced case fea-
tures a wider distribution of eigenvalues, manifesting thepresence of coherent short
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time scales. The coherence measure of the non-forced mode ismarkedly larger than
that of the two forced analogs; moreover, vorticity supported structures are more
coherent than the entropy analogs.
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Fig. 2 Maps of eigenfrequenciesλi for non-forced (left), vorticity-forced (middle) and entropy-
forced (right) detonations. The size and color of the symbols scales with the mode coherency.

The most coherent non-trivial eigenmodes, i.e., those withimaginary part dif-
ferent from zero, are shown in Fig. 3, where the first row refers to the non-forced
case, the second to the vorticity-forced, and the third to the entropy-forced analog.
Only the real parts of the dynamic mode of the mass fractionY are shown. In fact,
the imaginary parts are qualitatively similar to the real ones. The non-forced modes
display the global motion of the triple-points; long range interaction can be inferred
from the extension of the coherent regions; less coherent modes (2nd and 3rd panel
of the first row) support fluctuations with a smaller spatial scale. The vorticity-forced
case (second row) is dominated by a “stirring mode”, which isnot related to motion
of the triple-point, but to the convected turbulence. The eigenvector features strongly
coherent fluctuations in the post-shock, which promote mixing in the induction re-
gion. The second mode of the vorticity-forced case (second row and second column)
is structurally similar to the second mode of the non-forcedcase (first row second
column). The entropy-forced detonation is, also, dominated by a “stirring mode”
featuring structures elongated in direction parallel to the flow. Differently from the
vorticity-forced case, the second global mode of the unforced case is not present.
By examining the coherence measures reported on the title ofeach panel, one con-
cludes that the entropy-forced case supports less coherentstructures than the two
other cases.

4 Conclusion

A dynamical mode analysis of the interaction of detonation and turbulence reveals
the presence of “stirring” modes supported by convected turbulence. The modes
feature elongated structures aligned with the flow. Vortical forcing leads to modes
with higher coherency than the entropic analog.
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Fig. 3 Most coherent modes in unforced (first row), vorticity forced (second row), and entropy-
forced (third row) detonations. The title on top of each panel represent a measure of coherency, i.e.,
χi/χmax. Note, the lefter-most panel hasχi/χmax < 1 because the most coherent mode is trivial,
see Fig. 2.

The modal frequency maps of entropy-forced and unforced cases are similar and
dense, while the vortical forcing presents a larger separation of modes and thus a
wider range of fast coherent time scales.
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